MOTIVIC MILNOR CLASSES 



SHOJI Y0KURA(*) 



Abstract. The Milnor class is a generalization of the Milnor number, defined as the dif- 
ference (up to sign) of Chem-Schwartz-MacPherson's class and Fulton-Johnson's canon- 
ical Chem class of a local complete intersection variety in a smooth variety. In this paper 

we introduce a "motivic" Grothendieck group K^^°^{V/X S) and natural trans- 
formations from this Grothendieck group to the homology theory. We capture the Milnor 
class, more generally Hirzebruch-Milnor class, as a special value of a distinguished el- 
ement under these natural transformations. We also show a Verdier-type Riemann-Roch 
formula for our motivic Hirzebruch-Milnor class. We use Fulton-MacPherson's bivariant 
theory and the motivic Hirzebruch class. 



1. Introduction 

The Milnor class is defined for a local complete intersection variety X in a non-singular 
variety M as follows. The local complete intersection variety X defines a normal bundle 
Nx in Af , from which we can define the virtual tangent bundle Tx of X by 

Tx := TM\x - NxM 

which is a well-defined element of the Grothendieck group K''' (X ). Then Fulton- Johnson's 
or Fulton's canonical (Chern) class of X (see fFJ] and fFu|) is defined by 

cf^(X) ■.= ciTx)n[X]. 

Here c{Tx) is the total Chern class of the virtual bundle Tx- 

In general, Fulton-Johnson's and Fulton's canonical (Chern) classes are defined for any 
scheme X embedded as a closed subscheme of a non-singular variety M(see IIFul Example 
4.2.6]): Fulton-Johnson's canonical class cf '^(X) ( llFul Example 4.2.6 (c)]) is defined by 

c{TM\x) n s{MxM), 

where TM is the tangent bundle of M and s{MxM) is the Segre class of the conormal 
sheaf AfxM of X in M [Fu, §4.2]. Fulton's canonical class cf{X) (|Fu, Example 4.2.6 
(a)]) is defined by 

c(TM\x)nsiX,M), 

where s(X, M) is the relative Segre class |Fu, §4.2]. As shown in fFu! Example 4.2.6], for 
a local complete intersection variety X in a non-singular variety M these two classes are 
both equal to c{Tx) n [X]. 

On the other hand there is another well-known notion of Chern class for possibly singu- 
lar varieties. That is Chern-Schwartz-MacPherson's class c^:{X) IMac 1 1 [Schw 1 1 [Schw2l 
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ISchw3l IBrScl . Then the Milnor class of the local complete intersection variety X, de- 
noted by A4{X), is defined by, up to sign, the difference of Fulton-Johnson's class and 
Chern-Schwarz-MacPherson's class c, (X); more precisely 

M{X) := (-l)di-^ {cf'iX) - c,(X)) . 

Since Chern-Schwarzt-MacPherson's class c^{X) and Fulton-Johnson's class cf'^(X) 
are identical for a nonsingular variety, the Milnor class is certainly supported on the sin- 
gular locus of the given variety, thus is an invariant of singularities. Prototypes of the Mil- 
nor class were studied by P. Aluffi HAlull |Aiu2l . A. Parusihski llPall |Pa2l , A. Parusinski 
and P. Pragacz [PP2| and T. Suwa IISu3l . Many people have been investigating on the 
Milnor class from their own viewpoints or interests, and many papers are now available 
llAiu2l lAiu3l iBrl IBLSSli IBLSS21 iMaxl |Pa3l IPPTI |PP3l ISeaTI EeSvi [Su2l 1^ 1^ . A 
category-functorial aspect of the Milnor class is its connection to the so-called Verdier- 
Riemann-Roch theorem for MacPherson's Chern class IIYo4IISchn . 

Some functoriality of the Milnor class was investigated in PYo41, but so far it has never 
been captured as a natural transformation from a certain covariant functor to the homology 
theory. In this paper we try to capture the Milnor class from a motivic viewpoint and we 
show that in fact we can capture it as a natural transformation from a pre-motivic covari- 
ant functor to the homology theory. For this we need to use the motivic Hirzebruch class 
0BSY1||BSY2| . The key idea comes from the construction of a universal bivariant theory 
given in IIYo5l . 

In nCMSSI (also see nCLMSlilaJvlSaiCMSlilCMS2llCS2llCS3l ') Sylvain Cappell et 
al. independenetly consider the motivic Hirzebruch-Milnor class and they describe it in 
terms of other invariants of singularities, thus dealing more with singularities. Our present 
work is more category-functorial, compared with BCMSSI . 

2. Motivic Hirzebruch classes 

In the following sections we use the motivic Hirzebruch class IIBSY1IIBSY2I . thus we 
very quickly recall some ingredients which are needed later 

Let V denote the category of complex algebraic varieties. The relative Grothendieck 
group Kq{V/X) of a variety X is the quotient of the free abelian group Iso'^^''^ {V / X) of 

isomorphism classes [V ^ X] of proper morphisms to X , modulo the following at/i/i/iVify 
relation: 

[V ^ X]^[Z X] + [V\Z ^ X] 

for Z cY a closed subvariety of Y. We set the quotient homomorphism by 

e : Iso^™P(X) ^ifo(V/X). 

From now on the equivalence class Q{[V -^]) of the isomorphism class [V X] is 
denoted by the same symbol [V ^ X] unless some possible confusion occurs. 

Remark 2.1. Furthermore it follows from Hironaka's resolution of singularities that the re- 
striction G'*™ Q|iso^'^°p(Sm/x) of 6 to the subgroup lso'^^°^{Sm/ X) of isomorphism 
classes [V X] of proper morphisms from smooth varieties y to X is surjective: 

Here we just remark that F. Bittner OBitI identified the kernel of the above map 0*™ : 

some "blow-up relation", for the details of which see 
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IIBitI . This "blow-up relation" plays an important role for constructing a bivariant analogue 
of the motivic Hirzebruch classes. Since we do not deal with this bivariant analogue, we 
do not go further into details of this "blow-up relation". 



If we use the above "pre-motivic" group l8o'^^°^{Sm/X) we can get the following 
"pre-motivic" characteristic classes of singular varieties for an arbitrary characteristic 
class of complex vector bundles. 

For a proper morphism / : X ^ y we have the obvious pushforward 

: Iso^™f (^m/X) ^ Iso^™?'(5TO/y) 

defined by j^{\y ^ X\) [V" - — > Y\. Let c£ be any characteristic class of complex 
vector bundles with values in the cohomology theory iJ * ( )®R. Then we define 

7c^ : Iso^''°^'(5m/X) ^ i/f ® R 

by 

Then it is clear that 

7c« : Iso^''°^'(5to/ ) ^ i/f ) ® R 

is a unique natural transformation satisfying the normalization condition that for a smooth 
variety X the homomorphism 7^ : 1^0^''°^ [Sm / X) i/f ^^(X) ® R satisfies that 

^ci{[x^x]) ■.^ci{TX)r\[x]. 

A naive question is whether ^ci can be pushed down to the relative Grothendieck group 
Kf){V/X) , i.e., for some natural transformation ? : Kf){V / X) iJf ) i? so that 
the following diagram commutes: 

Iso^™P(5m/X) 

IU{V/X) ; ^ HB^'{X) ® R 

If we require that cl is a multiplicative characteristic class, the above normaUzation 
condition and another extra condition that the degree of the 0-dimensional component of 
the class 7cf(CP") equals 1 — y -\- + ■ ■ ■ (— y)", then the characteristic class cl can be 
identified as the Hirzebruch class. Namely, let a^'s be the Chern roots of a complex vector 
bundle E over X. Then 

rank E 
i=l 

is the Todd class of E, and its modified version of it 

tdiym--= n [^^^^-^)-^^y)^H*{x)r^m 

i—l ^ ^ 

is called the Hirzebruch class (see fHirl and IHB Jl . In fact, the Hirzebruch class unifies 
Chern, Todd and Thom-Hirzebruch classes: 

(1) y ^ -1 : td(^_i)[E) ^ c{E) Chern class. 
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(2) y ==0 : td(Q) (E) = td{E) Todd class, 

(3) y = 1: td(i){E) — L{E) Thom-Hirzebruch i-class. 

Our previous paper MBSYlll (also see |IBSY21 and fSYI) showed the following theorem 
(originally using Saito's theory of mixed Hodge modules MSaill ): 

Theorem 2.2. (Motivic Hirzebruch class of singular varieties) There exists a unique nat- 
ural transformation 

satisfying the normalization condition that for a smooth variety X 

Ty^{[X^X])^td(y){TX)C^[X]. 

This motivic Hirzebruch class Ty ^ : Kq (V/ ) ^ H^^^ ( ) ® Q [y] in a sense "unifies 
the following three well-known characteristic classes of singular varieties; 

Theorem 2.3. (A " unification" of three characteristic classes) 

(1) c = Chern class : There exists a unique natural transformation 

such that for X nonsingular ^p(\X ^ X]) — Ix- And the following diagram 
commutes 



Ko{V/X) 




F{X) ^ Hf^'{X) ® Q. 

Here : F{X) H^^'^[X) is the rationalized MacPherson's Chern class 
transformation UMacll . 
(2) td = Todd class : There exists a unique natural transformation 

lGo-Ko{V/ )^Go( ) 

such that for X nonsingular ^{[X ^ X\) ~ [Ox\- And the following diagram 
commutes 



Ko{V/X) 




7Z " H^'^X) ® Q. 

Here td^ : Go{X) H^^''{X) ® Q is Baum-Fulton-MacPherson's Todd class 
(or Riemann-Roch) transfomration IBFMU . 
(3) L = Thom-Hirzebruch L-class :There exists a unique natural transformation 



ln:Ko{V/ ) ^ n{ ) 
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such that for X nonsingular lo{[X — > X\) ~ [Q^[dimX]] . And the following 
diagram commutes 

KoiV/X) 




n{x) ^ H^^Hx) ® Q. 

Here f2(X) is the Cappell-Shaneson-Youssin 's cobordism group of self-dual con- 
structible sheaves (see BCSlll and and L* : ^{X) H^^^{X) ® Q is 

Cappell-Shaneson 's homology L-class transformation BCSII f also see fGMl ). 

We also have the following 

Corollary 2.4. The following diagram commutes: 



ISO^™f(^TO/X) 




Ko{V/X) H^^\X) ® R 

y * 

Definition 2.5. For a complex algebraic variety X 

Ty^X) := Ty^iiX ^ X]) e nr'iX) Q[y] 
is called the motivic Hirzebruch class of X. 

Remark 2.6. As to the homomorphism 'jp : Ko{V/X) F{X) we have that for any 
variety X 

7f([X ^ X]) =. Ix, therefore T^u{X) = c,{X), 

whether X is singular or non-singular. However, as to the other two homomorphisms 
7Go : Ko{V/X) Go{X) and 70 : KoiV/X) n{X), if X is singular, in general we 
have that 

jGoiiX ^ X]) / [Ox], ln{[X ^ X]) / [ICx], 

where 2Cx is the middle intersection homology complex of Goresky-MacPherson IIGMII . 
Hence, if X is singular, in general we have that 

To,iX)^td,{X), TUX) ^ MX). 

If X is a Du Bois variety, i.e., a variety with Du Bois singularities, then we have that 

7Go([X ^ X]) = [Ox], therefore To,{X) = td,{X). 
If X is a rational homology manifold, then conjecturally 

7n([X ^ X]) = [ICa-], therefore Ti,(X) = L,{X). 
For more details, see BBSYll . 
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3. The Grothendieck group kJI°^{V/X A S) 

Let 5* be a complex algebraic variety and fixed. Let Vg be the category of ^-varieties, 
i.e., an object is a morphism h : X ^ S and a morphism from h : X ^ S to k : Y ^ S 
is a morphism f : X ^ Y such that the following diagram commutes: 




Definition 3.1. Let mJ'"^{V/X ^ S) be the monoid consisting of isomorphism classes 
[V X] of proper morphismsp :V^X such that the composite /lop : V 5 becomes 
a local complete intersection morphism, with the addition (+) and zero (0) defined by 

• [V ^X] + [V ^ X] := [V U V ^^-^ X], 

• 0:= 

Then we define 

to be the Grothendieck group of the monoid Mjl^fiV/X ^ S). 



Lemma 3.2. (1) The Grothendieck group Kf^°f{V/X S) is a covariant functor 
with pushforwards for proper morphisms, i.e., for a proper morhism f : X ^ 

YeVs 

X ^Y 




S 



the pushforward 

f* ■■ KT:Tiv/x hs)^ kJ':t{v/y ^ s) 

defined by 

f,i[V^X]):= [V^Y] 

is covariantly functorial. 
(2) The Grothendieck group kJ'^°^{V/X — > S) is a contravariant functor with pull- 
backs for smooth morphisms, i.e., for a smooth morhism f : X —> Y € Vs the 
pullback 

f* ■■ K'^.cTi^/Y ^S)^ KfcTiV/X ^ S) 

defined by 

f*{[W ^ Y]) := [W ^ X] 
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(3.3) 



is contmvariantly functorial. Here we consider the following commutative dia- 
grams whose top square is a fiber square: 

f 




Remark 3.4. (1) As to thecontravarianceof theGrothendieckgroupii'^ ^°''(V/X — > 
S), one might be tempted to consider the puUback for a local complete intersec- 
tion morphism f : X ^ Y instead of a smooth morphism. But a crucial problem 
for this is that the pullback of a local complete intersection morphism is not nec- 
essarily a local complete intersection morphism, thus in the above diagram ( 13.3b 
/' : W' ~> W is not necessarily a local complete intersection morphism and 
hence we do not know whether or not the composite k o p o f ^ h o p' is a local 
complete intersection morphism. 
(2) If we consider the finer class Sm of smooth morphisms instead of the class C.c.i 
of local complete intersection morphisms, we do have a bivariant theory, from 
which we can construct a motivic bivariant characteristic class M Y06II . 

4. Motivic Hirzebruch-Milnor classes 

For a morphism f : X ^ Y, M{X — > Y) is the Fulton-MacPherson bivariant homol- 
ogy theory [FM|. Since the main theme of the present paper is not a bivariant theoretic, we 
do not recall a general bivariant theory, thus see iFMl for details. In the paper • denotes 
the bivariant product, i.e., for morphisms f : X ^ Y, g : Y ^ Z the bivariant product • 
is 

• : m{x ^Y)x m{Y ^ z)^ m{x ^ z). 

Then M.{X ^"^^ X) is the usual cohomology theory H*{X) and M{X pt) (for a 
mapping to a point) is the Borel-Moore homology theory H^^'^ {X). 

Proposition 4.1. Let c£ : K'^ H*{ ) ® R be a characteristic class of complex vector 
bundles with a suitable coefficients R. Then on the category V5 we have that 

(1) There exists a unique natural transformation (not a Grotendieck transformation) 

7^* ■■ kI:T{v/x ^S)^m{X^S)®R 

such that for a local complete intersection morphism h : X —i- S 
j^f^iiX ^X]) = c£{Th)*Uh. 

Here is the relative tangent bundle ofh and Uh G M.{X S) is the canonical 
orientation. 

(2) There exists a unique natural transformation 

7c£. : i^LTCV/^ ^S)^ H^^\X) ® R 
such that for a local complete intersection morphism h : X ^ S 

icu{[x ^ X]) = ci{Th)r^[x]. 
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Proof. (1) We define 7c£^ : kI'J\V/X ^ S) ^ H(X ^ S) ® Rby 

^A\y ^ ^\) ■= p*(cAThop • Uhop)- 

Then for a morphism f : X ^Y, i.e., for the following commutative diagram 



/ 

X 





the following diagram commutes: 



f. 



Kllf{V/Y ^ S) H(y ^S)®R, 



lot. 



Indeed, for [V ^X]& kII'^{V/X ^ S) we have that 

= (/ ° P)* {ci{Thop) • Uhop) 

= if ° P)* [ctiTkofop) • Ukofop) 
= if °P)* (ciiTkofop) • Ukofop) 

= ^^MV^Y]) 

= 'M.{f*{[V^X])). 

Since, for a local complete intersection morphism h : X ^ S,hy definition of 7c^^ we 
have 7rf^([X -^^^ X]) = c£{Th) • Uh, the uniqueness of jc£* follows. 

(2) We define 7^, : if^^;7(V/X ^ S) ^ Hf^^{X) (g> Rhy 

7ce.{[V ^ X]) := p^ciiThop n [V]). 
Then the following diagram commutes: 

KtZ^O^/X ^ S) Hf^{X) R 



f. 



f. 



Kjl7{V/Y ^ S) . Hf^{Y) <S) R, 

It follows from replacing 'Uhop and 'Ukofop by r\[V] in the proof of (1). □ 
Remark 4.2. For a local complete intersection morphism / : X — > 5, we have 

•Uh»[S]^n[x]. 

Here [W] is the fundamental class of W and [W] G m{W pt) = H^^{W). Thus the 
relation between the above two natural transformations 7^^ and is that 

Ice* =1^*»[S]. 
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Remark 4.3. When the fixed variety S' is a point, the above two natural transformations 
7^, aiid7rf, are the same: 7c^, : K^^^iV/X) ^ H^^{X) ® R. 

If 5 is a point and c£ = c the Chem class, then for a local complete intersection variety 
X in a smooth manifold, we have that 

7c,([X^X]) = c(Tx)n[X] 
which is Fulton-Johnson's class cf ''(X). Thus the above natural transformations 

-ycu ■■ kJ:T{v/x ^s)^ Hf^{x) R 

are both generaUzations of Fulton- Johnson's class as natural transformations . They are re- 

specively called a motivic "bivariant" FJ-c£ class, denoted by c£f and a motivic FJ-cl 
class, denoted by c^f since it is modelled after Fulton-Johnson's class cf 

From here on we consider the Hirzebruch class td^yy instead of an arbitrary char- 
acteristic class ct, because we use the motivic Hirzebruch class Ty^ : Ko{V/X) 
H^^{X) (g) Q[y] below. We use the above natural transformations 

■■ kT:T{v/x ^s)^ m{x ^s)® QM, 

which are respectively called the motivic "bivariant" FJ-Hirzebruch class and the motivic 
F J -Hirzebruch class and denoted by Ty^'^ and Ty^'^ . 

We define the twisted pushforward for homology as follows: for a morphism f : X ^ 
Y, the relative dimension of / and the co-relative dimension of / are respectively defined 
by 

dim(/) := dimX — dimY codim(/) := dimy — dimX. 

For the Borel-Moore homology theory , the twisted pushforward for a proper morphism 
f : X is define by 

/** := (-l)™dim(/)j^ . H^M^^^ ^ H^^\Y). 

With this twisted pushforward the Borel-Moore homology theory is still a covariant func- 
tor. To avoid a possible confusion we denote HfJ^(X) for the Borel-Moore homology 
theory with the twisted pushforward. 

Corollary 4.4. On the category Vs there exists a unique natural transformation 

MTy^ : kJ:T{V/X hS)^ HZ^{X) Q[y] 
such that for a local complete intersection morphism h : X ^ S the homomorphism 
MTy^ : Kf^^^^iV/X ^ S)-^ H^J^{X) (g) Q[y] satisfies that 

MTy^iiX ^ X]) = (-l)di-^ (Ty^J - Ty^ o o) {[X ^ X]) . 

Proof We define MTy^ : Kf^"^{V/X ^ S) ^ Hf,^{X) Q[t/] by 

MTySlV ^ X]) := (-l)d'-^ (T,f - Ty^ o e) {[V ^ X]). 



10 



SHOJI YOKURA<*' 



Which is equal to 

(~)'^'- V (H,)(Tpo/.) n [V] - Ty^iv)) . 

□ 

From here on we denote Ty^oQ simply by Tj,^. The above motivic natural transforma- 
tion 

shall be called a motivic Hirzebruch-Milnor class, even though kJ';;°P{V/X) is not (a 
subgroup of ) the motivic group K(){V/X), but because it is defined by using the motivic 
Hirzebruch class Ty^ : Ko{V/X) H^^^{X) (g) Q[y] and because, if we specailze 
MTy^ to the case when y ^ —1 and X is a local complete intersection variety in a smooth 
manifold, we have 

MT^UiX^X]) 

= (-lf"^(cf^W-c.(X)), 

which is the Milnor class of X. Thus7WT_i^ : Kf^f{V/X) H^J^^ {X)(^Q[y] 

is called the motivic Milnor class (or Chern-Milnor class). The more general one 

MTy^ : Kj':TiV/X ^S)^ Ht'\X) ® 

is called a motivic generalized Hirzebruch-Milnor class. 

In fact, if the base variety 5* is a Q-homology manifold or a rational homology manifold, 
the fundamental class [S] e H(5 pt) = H^^' {S) is a strong orientation (see OFMI Part 
I, §2.6]), namely we have the following isomorphism (see IIBSY3I ) 

• [S] : m{x i 5) ® Q ^ m{x -.pt)®<^ = fff ® Q. 

Which is a generalized Poincare duality isomorphism, hence denoted by Wh. Indeed, 
when X is a rational homology compact manifold, for the identity idx : X ^ X, the 
above isomorphism is nothing but the classical Poincare duality isomorphism 

n[X] ■.H*{X)®Q-. H^X) ® Q. 

Examples of a Q-homology manifold (e.g., see fBM' §1.4 Rational homology mani- 
folds]) are surfaces with Kleinian sigularites, the moduli space of curves of a given genus, 
Satake's IZ-manifolds or orbifolds, in particular, the quotient of a nonsingular variety by a 
finite group action on. 

Thus we can get the following corollary: 

Corollary 4.5. Let the base variety S be a Q-homology manifold. On the category Vs 
there exists a unique natural transformation 

such that for a local complete intersection morphism h : X S the homomorphism 
MT^^ : kJ'^^°P(V/X ^S)^ M{X ^ S) (g) Q[y] satisfies that 

MT;^{[X ^ X]) = (-l)dimX J^^TfT/ _ „ j.^^^ ([^ idx^ j^jy 

Here H** [X —^ S) is the twisted bivariant homology theory with the twisted pushforward 
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Remark 4.6. (1) MT^^^ : Kjlf{V/X ^ S) ^ H,,(X ^ S) ® Q[?/] shall be 
called a motivic "bivariant" Hirzebruch-Milnor class, even thought the source 

group A'J"^ °^ ( V/X S) is not a bivariant theory, but the target group H*, (X 
S) (g) Q[y] is a bivariant theory. 
(2) Note that when the base variety is a point, XiT^^ : K'^l°f{V/X ^ S) ~> 
H*,(X ^ 5) ® Q[y] is the same as MTy_^ : if]';7(V/X) ^ H^.^^X) ® (Q[y]. 

Proposition 4.7. /n f/ie coie wheny:^ 0, the Todd-Milnor class MTq^ : iCfjf (V/X) ^ 
Hf^^{X) (8) Q vanishes on the subgroup generated by \V X] w/f/i being Du Bois 
varieties: 

MTo.^{[V ^ X]) = ifV is a Du Bois variety. 
Proof. For a local complete intersection variety y in a smooth variety M, we have that 

^ p,,MTo,{[V ^ V]) 

= (td{Tv) n [V] - To4[y ^ v])) 

= (<d(r,.) n [V] - To,{v)) . 

If y is a Du Bois varietv. it follows from Remark l2.6l that Tf)..(V) — td^,{Ov)- On the other 
hand we observe that it follows from the properties of the Baum-Fulton-MacPherson's 
Riemann-Roch td^ : Go{X) ^ H^^''{X) (g) Q (see |Fu, Corollary 18.3.1 (b)], or more 
generally BFMi R\RT II, §0.2 Summary of results]) that for a local complete intersection 
variety 1/ in a smooth variety M we have 

td,{Ov) = td{Tv)n[V]. 

Therefore, if y is a local complete intersection variety y in a smooth variety AI and also 
a Du Bois variety, then we have 

MTo,{[V ^ X]) = 0. 

□ 

Corollary 4.8. If the base variety S is a Q-homology manifold, then the motivic bivariant 
Todd-Milnor class MT^^ : JiT^^Jf (V/X ^ S) ^ H„(X ^ S) (E) Q vanishes on the 
subgroup generated by [V X] with V being Du Bois varieties. 

Proof. It follows from that for an element [V X] with V being a Du Bois variety 

Mn*{[V ^ X]) • [S] = MTo,{[V ^X])^0 and •[S] : H(X i 5) ^ U{X 
pt) — H^^\X) Q is an isomorphism when 5 is a Q-homology manifold. □ 

Remark 4.9. Let us compare with the results in Theorem 12.31 Neither of the following 
three diagrams commutes in general: 
• y = —1 : 




F{X) ^ HBM(^x) Q. 
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• y = 0: 




'prop 



{V/X) 



Go{X) 



td. 



KllTiv/x) 





Q.{X) 



^H^^{X)(^Q. 



Hence it is natural or reasonable to consider the following commutative diagrams with the 
corresponding Milnor classes and the corresponding looked-for natural transformations 

XT_i, : K^;°P{V/X) ^ ® Q, Mc, : F{X) ^ H^{X) ® Q 



• y = -1 



{X)®Q, Mtd, : Go (X) ^ iff/^ (X) Q 
i?f*^ (X) ® Q, AIL, : 17 (X) ^ iJf,^ (X) ® Q : 



<cT(v/^) 




•A^T-i. 



y = 0: 




^MTo, 



Go{X) 



Mtd, 



y = l: 



<T(v/^) 




MTi, 



n{x) 



ML, 




BM 



5. Verdier-type Riemann-Roch formulas 
In this section we show Verdier-type Riemann-Roch formulas. 

First we show a Verdier-type Riemann-Roch formula for the motivic canonical c£ class 
for a smooth morphism. Here we emphasize that we need a smooth morphism instead of a 
local complete intersection morphism: 
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Proposition 5.1. Let f : X ^ Y be a smooth morphism in the category Vs: 

f 



X 



Y 





Then the following diagram commutes: 

KT:7iV/Y ^ S) 

f 

KllTi^/x ^ S) 



> Hf^''{Y)®R 
ci(Tf)nr 



Here f* : H^^'^ (Y) — > Hf^'\X) is the Gysin pullback homomorphism. 

Proof. Let [W ^ Y] e Kfl°f{V/Y S) and consider the following dia gram whose 
top square is a fiber square; 



(5.2) 



W ■ 



f 



X 



w 

p 
-Y 





S. 



We want to show that 



Y]) = c£{Tf)nf* ^cC\[W^Y]) 



ce^'f*{[W ^Y])= c£f''i[W' ^ X]) 

= {cl{Th.p' ) n [W] ) (by definition of c^f ^) 

ci{Tf) n /* (cej{[w ^ Y])) = ct{Tf) n /* {pMiTkop) n [w])) . 

Since p : W ^ Y \s proper and / ; X ^ F is smooth, hence flat, it follows from HFul 
Proposition 1.7] that we have the base change formula: f* p^, — p'^f'*- The above equality 
continues as follows: 

= c^{Tf)r^p'J'*{c^{Tuop)r^[w]) 

= P', {p'*cl{Tf) n f'*{c£{Tkop) n [W])) (projection formua) 

= {ce{p'*Tf) n {ce{f'*Tkop) n /'* [W])) (by m Theorem 3.2]) 



P: 



' ' ic£{Tf,)Uc£{f'*Tk.p))n[f' \W)])) (byl^Lemmal.7.1]) 



--pU^^iTf'+f*Tkop)n[W']) 

^ p', {cATkopof) n [W]) (Tkopof = Tf, + f'*Tkop e K°{W') ) 

--p'Ac£{nop')n[w']). 



14 SHOJI YOKURA^^ 



Therefore we get that c£f-'f*{[W ^ Y]) ^ c£{Tf) n /* {cl^^ {[W ^ F]) . □ 

Secondly we show a Verdier-type Riemann-Roch formula for the motivic Hirzebruch 
class for a smooth morphism: 

Proposition 5.3. Let f : X Y be a smooth morphism in the category Vs as in Propo- 
sition \5J\ Then the following diagram commutes: 

KllTiV/Y ^ S) H^^\Y) ® Q[y] 



/* 



*d(«)(r/)n/- 



Kl:^{V/X ^ S) -—^ H^HX) ® 

J V ... 



Proof. For the above diagram (15.21 ) we want to show that 

TyJ*{[W ^ Y]) = td(y){Tf) n r {TySW ^ Y])) . 

Since it follows from Hironaka's resolution of singularities that any [W A Y] can be 
expressed as a linear combination 

Y^ayiV'^Y] 

V 

where ay £ V is a smooth variety , and pv : ^ y is proper, if suffices to show that 

TyJ*i[V ^ Y]) td^y^iTj) n r {TyM ^ Y])) ■ 



Hence, from the beginning we can assume that in the above diagram 15.21 W is smooth 
and p : W ^ Y is proper, but here note that we DO NOT need the requirement that the 
composite k o p : W ^ S is a local complete intersection morphism. Here it should be 
noted that since W is smooth and /' : W' W is smooth (because /' is the pullback of 
the smooth morphism f : X ^ Y), W' is also smooth, which is crucial below. 

TyJ*i[W^Y])^Ty^i[W'^X]) 

= P* itd(^y) (TW) n [W]) (since W is smooth). 

On the other hand we have 

p 



td^y){Tf)nf*Ty^i[W ^Y]) 



td^y-,iTf)nf*TyMW^W]) 

td^y)iTf)nf*p4Ty,{[W^W])) 

td(y){Tf ) n f*p^{td(^y){TW) n [W])) (since W is smooth) 

td(y){Tf)r^p'J'*{td(y){TW)f^[W])) 
p: {p'*td(y){Tf) n r*{td(y){TW) n [W])) 

p: {td^y){p'*Tf) n {r*td^y){Tw) n rw])) 
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= p: {{td^y){Tf,) u td^y^irrw)) n [/' V])) 
^p:{td^y)iTf, + rTW)n[w'])) 

= p: {td^y){TW') n [W])) (since T/, = TW' - /'*TW^). 
Therefore we get that TyJ*{[W ^ Y]) = td(y){Tf ) n /* (Ty^{[W ^ Y])) . □ 



Remark 5.4. The above proof of course impHes that the following Verdier-type Riemann- 
Roch formula holds for the motivicHirzebruch class Tj,^ : K^{V / X) H^^\X)'g)Q[y]: 
for a smooth morphism f : X ^ Y in the category V the following diagram commutes: 

KoiV/Y) H^'HY)(E>q[y] 

r| |trf(«)(T/)n/* 
Kn{V/X) > Hf^'iX)®^ 



Definition 5.5. For a smooth morphism f : X ^ Y, the twisted Gysin pullback homo- 

mophism/** : H^^'\Y) H^^' {X) is defined by 

y** ^_'jdim(/) ^ j^^jdim X — dim V 

(In other words, (_)codim(/) j** ^ (_-^<)dim y-dimX j*, ^ j* rpj^g contravariant Borel- 
Moore homology theory with this twisted pullback homomotphism for smoth morphisms 
is denoted by H^^^' . 

In rYo4 , Theorem 2.2] we obtained a Verdier-type Riemann-Roch formula of the Milnor 
class in a special case. The following Verdier-type Riemann-Roch formula of the motive 
Hirzebruch-Milnor class is a generalization of this result: 

Theorem 5.6. For a smooth morphism f : X ^ Y in the category Vs as in Proposition 
\5.1\ the following diagram commutes: 

<:.r(V/r ^ S) H^^^^Y) ® Q[y] 



f 



|td(^)(T/)n/" 



Proof. Let [W ^ Y] e Kj^TiV/Y S). Then we have that 

MTyJ*{[W^Y]) 

= MTy,^[W' ^ X]) 

-(-If^' {Ty:-'-TyJ{[w"^X]) 

= („l)dimH- ^Ty^J_TyJ^f*[W^Y]) 

= i-ir^^^' {Ty^'f* - TyJ*) {[W ^ Y]) 

= (-i)<iim^' (^^)(T/) n f^Tyl' - td^y^(Tf) n /*r, J {[w ^ y]) 
= (-i)^'-^'id(,)(T/) n /* (r,f - TyJ i[w ^ Y]) 
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= (_l)dimH^'(_)codim(/)^^^(J.^) (T^f ^ - T, J {[W ^ Y]) 

= i-lf-^'^td^y^iTf) n r* ' - TyJ {[W ^ Y]) 



□ 



Finally we give a "bivariant version" of Theorem l5.6l 



Corollary 5.7. For a smooth morphism f : X Y in the category Vs as in Proposition 
15.71 the following diagram commutes: 



r 



|(-l)<i'»")trf(„)(T;).(7^. 



K^cTi^/x ^ s) 



m{x ^ s) 



Proof. The commutativity of the above diagram follows from Theorem 
commutative diagram 

M{Y ^ S)<g>q[y] mf^^Y)<g>q[y] 



the following 



H(X ^ S) . 



•IS] 



and the fact (see IMl) that for any /3 G M{Y pt) = Hf^'{Y) 

Uf.p = f*/3 

and also using the fact that •[S'] : ]HI(X S") H^^^{X) is an isomorphism 



□ 
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